We investigate the dynamics of BPS vortices in the presence of magnetic impurities taking the form of axially-symmetric localised lumps and delta-functions. We present numerical results for vortices on flat space, as well as exact results for vortices on hyperbolic space in the presence of delta-function impurities. In fact, delta-function impurities of appropriate strength can be captured within the moduli space approximation by keeping one or more of the vortices fixed. We also show that previous work on vortices on the 2-sphere extends naturally to the inclusion of delta-function impurities.
Introduction
In a recent paper [1] Tong and Wong discussed BPS vortices in the presence of both electric and magnetic impurities. At the classical level, electric impurities were shown to leave the moduli space of static solutions unchanged, but the usual geodesic approximation to the dynamics is supplemented by a connection term. This observation allowed an analysis of both the classical and quantum dynamics of a single vortex in the presence of a delta-function electric impurity. The purpose of this paper is to investigate the less well-understood effect of magnetic impurities on vortex dynamics.
The paper [1] has sparked some recent interest in existence results for vortices in certain product Abelian gauge theories, which are related to vortices with magnetic impurities by taking the mass of one of the vortex species to infinity. Sharp existence theorems for static solutions in such models have been proven in [2] . General existence results allowing the coexistence of vortices and anti-vortices subject to certain inequalities have been obtained in [3] , and similar results hold for a related Abelian Chern-Simons-Higgs model [4] . This paper complements these existence results and the original arguments given in [1] with some numerical evidence, but our main interest is in the vortex dynamics. To illustrate the generic effect of magnetic impurities on the dynamics, we give numerical examples of moduli space metrics for a single vortex in the presence of axially-symmetric, localised lump-like impurities. We also investigate the limit where the impurity approaches a delta-function, and present numerical evidence that this limit is well-defined.
While no explicit solutions for vortices on flat space are known, progress can be made by changing the background. Witten observed [5] that the vortex equations on the hyperbolic plane are integrable for a particular value of the curvature, and this allowed an explicit calculation of the 2-vortex moduli space metric by Strachan [6] . Baptista and Manton gave analytic approximations for vortex solutions and moduli space metrics on the 2-sphere in the limit where the volume of the sphere is just big enough to accommodate the vortices [7] . This paper adapts the results on these different backgrounds to the inclusion of a delta-function magnetic impurity, showing that explicit expressions are still obtainable.
The paper is structured as follows. In section 2 we review vortices in flat space, discuss the effects of magnetic impurities, and present numerical results. In section 3 we consider vortices with impurities on hyperbolic space, describe the corresponding moduli space and derive the moduli space metric explicitly. In section 4 we discuss vortices on the 2-sphere. We derive the metric for one vortex in the presence of an impurity near the Bradlow limit and discuss its dynamics. We end with a conclusion.
2 Flat space vortices with magnetic impurities
Previous work on impurity-free flat space vortices
We begin by reviewing relevant previous work on flat-space vortices. The standard action for vortices at critical coupling is:
where φ is a complex scalar field coupled to a U (1) gauge field A µ , D µ φ = (∂ µ − iA µ )φ is the covariant derivative and the gauge field strength is F µν = ∂ µ A ν − ∂ ν A µ . The signature of the metric is taken to be (1, −1, −1). After imposing the equation of motion associated with the gauge choice A 0 = 0 as a constraint, the Lagrangian can be written in terms of kinetic and potential energies as L = T − V , where (for i = 1, 2):
and the total conserved energy is E = T + V . Suppose now that the fields are static, so thaṫ φ =Ȧ = 0, and T vanishes. We can apply a standard Bogomolny argument to the potential energy:
implying the topological bound
where N is the degree of the map φ| |x|→∞ : S 1 → U (1). For N > 0, this bound is saturated when the following first-order Bogomolny equations are satisfied:
The sign of N is reversed by a reflection, so we shall only consider the N > 0 case. Although no non-trivial explicit solutions to (2.4) and (2.5) are known, Taubes proved [8] that given N points {z r } 1≤r≤N on R 2 there exists a solution for which φ vanishes precisely at the points z r , and this solution is unique up to gauge equivalence. Taubes also made the important observation that we can rewrite (2.4) and (2.5) as a single equation. If we define the gauge-invariant quantity f = log |φ| 2 , then we can use (2.4) to solve for A µ in terms of φ and substitute this expression into (2.5) to obtain
The dynamics of slow-moving BPS solitons is captured by the natural metric on the moduli space of gauge-equivalent static solutions [9] . In this approximation, the Lagrangian is given by the kinetic energy integral (2.2) restricted to the moduli space. This means that (φ,Ȧ i ) is taken to satisfy the linearised version of the Bogomolny equations, as well as the linearised version of Gauss's law to ensure that (φ,Ȧ i ) is orthogonal to the gauge orbit through (φ, A i ). In other words, this approximation models the dynamics as a sigma model with the moduli space as target space, and the dynamics correspond to free geodesic motion on the moduli space. This approximation has been proved rigorously for both vortices [10] and monopoles [11] by Stuart. We refer the reader to [12] for more details on the moduli space approximation.
This moduli space metric for vortices was explored in detail by Samols [13] , who showed that the kinetic energy integral localises around the vortex zeroes. If we expand f around a zero z r as 
Flat space vortices with impurities
The deformation of the action (2.1) suggested in [1] to include magnetic impurities is:
where σ is a static source for the magnetic field B = F 12 . In order for the static energy to remain real and finite, we take σ to be real-valued with finite L 2 norm. Applying the usual Bogomolny argument gives first-order equations:
and we still have the topological bound E ≥ 1 2 B d 2 x = πN , where N is the asymptotic winding of φ. Two arguments are given in [1] for the existence of a 2N -dimensional moduli space of solutions to these equations. Firstly, the linearisation of equations (2.10) and (2.11) and Gauss's law is independent of the impurity σ, so the usual index theorem [14] counting the number of linearised deformations goes through unchanged. Secondly, the magnetic impurities above can be shown to arise as the limit of vortices in product gauge groups, and these systems can be realised as D-brane configurations. More recently Zhang has extended these arguments by proving sharp existence theorems for vortices in product gauge groups [2] . The aim of this section is to adapt the techniques of the previous one to obtain numerical solutions for the case where σ is an axially-symmetric localised impurity of the form σ = ce −d(x 2 +y 2 ) , where c ∈ R and d ∈ R + , and to investigate their qualitative behaviour.
We can straightforwardly rewrite (2.10) and (2.11) as a modified version of Taubes' equation:
The function f has singularities, so for numerical work we solve for the function
so that (2.12) becomes
with boundary conditions
14)
The first step is to solve for the vacuum. Plots of φ, A θ are given below for various values of c, d in Fig. 1 . For these plots we have chosen an axial gauge where A r = 0 and φ is real on the whole plane, which is only possible for these vacuum solutions with zero asymptotic winding. The solutions were found using an over-relaxation method on the interval [0, 5] by imposing the Neumann boundary condition that Φ ′ (0) = 0 and the Dirichlet condition (2.14) at r = 5. The solutions illustrate the important fact that the response of the fields to a localised impurity is also localised. These plots also indicate that φ(0) → 0 as c → −∞, while φ(0) → ∞ as c → ∞, and this limiting behaviour has been checked numerically over a much greater range of values of c than those presented here.
Energy densities and magnetic fields are shown in Fig. 2 . Note that there is a range of values for which the energy density is negative. In contrast to the standard abelian-Higgs system (2.1), the integrand of the potential energy functional for the system with magnetic impurities is not a sum of total squares, so there is nothing to prevent this. The plot of the magnetic field for the vacuum solution illustrates the general observation that reversing the sign of the impurity appears to approximately reverse the sign of B.
To find 1-vortex solutions, we can numerically solve (2.13) with N = 1 by over-relaxing from an initial configuration where we have approximated the 1-vortex profile by ρ(r) = tanh(0.6r) and Φ vac is one of the vacuum-impurity solutions found above. Some solutions for σ(r) = ±e −r 2 in the presence of a vortex at z 1 are plotted in Fig. 3 with z 1 taking values on the x-axis between −2.5 and 0 in steps of 0.5. The fact that solutions appear to exist wherever one puts the vortex zero provides evidence of a 1-vortex moduli space. The energies of these solutions are within 1% of the Bogomolny bound, giving a good check on the numerics. As one would expect, the solution looks like a superposition of the vacuum solution and an ordinary 1-vortex when the vortex zero is placed far from the impurity, but the vortex appears to 'screen' the impurity as it approaches the origin.
Moduli space metrics
Samols' formula (2.8) generalises easily to include magnetic impurities. The only difference is due to the fact the quantity d r defined in (2.7), which in the impurity-free case is equal to −1/4, must be equal to − 1 4 (1 + σ(z r )) to satisfy (2.13). There are still no local constraints on a r , b r and c r , and the rest of the derivation goes through as in the impurity-free case [13] . The general expression for the metric is:
Our numerical metrics will be for 1-vortices in the presence of axially symmetric impurities. If z 1 = ρe iθ is the position of the vortex zero, then by rotational symmetry and the fact that the metric is Hermitian b 1 must take the form b 1 = b(ρ)e −iθ , and the metric is Fig. 4 illustrates the results of this for different impurities. Numerically calculating geodesics for these is straightforward, and they show that in general a slow-moving vortex is repelled from the impurity if c < 0, and attracted if c > 0.
We can obtain a more physical understanding of this behaviour using a point particle approximation of both the vortex and the impurity. Just as for impurity-free vortices [15] , this gives analytic information about the moduli space metric when the vortex is far from the impurity. Suppose we have either an axial impurity on its own or a single vortex at the origin. Provided the impurity decays sufficiently rapidly, then in either case (2.12) linearises at large ρ to
the modified Bessel equation of zeroth order, and this is independent of the impurity. f 0 must therefore have the asymptotic form for some constant q. The interpretation is that at large ρ, the vortex or impurity can be thought of as a composite of a scalar monopole of charge q and a magnetic dipole of moment q perpendicular to the plane [16] . We shall therefore refer to q as the point charge of the vortex or impurity. Manton and Speight used this point particle model to calculate the asymptotic N -vortex moduli space metric in [15] . For a 1-vortex, the point charge was first calculated numerically by de Vega and Schaposnik [17] to be 1.7079, and later Tong gave a string theory argument suggesting that the point charge is −8 1 4 [18] . In a detailed numerical study Ohashi showed in [19] that while being remarkably accurate Tong's value slightly underestimates the true value. The point charges of impurities are straightforward to calculate numerically: Impurity Strength σ(r) = −2e −r 2 /2 −2.11 σ(r) = −4e −r 2 −1.82 σ(r) = −8e −2r 2 −1.74 σ(r) = −16e −4r 2 −1.71
As the impurity becomes more like a delta function, the point charge approaches the value of the corresponding vortex. The derivation of the asymptotic 1-vortex metric goes through in almost exactly the same way as the asymptotic 2-vortex metric in [15] , giving
where q, q ′ are the point charges of the vortex and the impurity respectively. Furthermore, the impurity is located at the origin, and the vortex is at ρe iθ for ρ ≫ 0. We can calculate exactly the difference in volume between (2.17) and the metric on the impurity-free 1-vortex moduli space πdz 1 dz 1 , which (2.17) approaches asymptotically. The exponential decay of K 0 as ρ → ∞ and the form of (2.17) imply that b also decays exponentially, and integrating in polar coordinates easily gives this difference in volume to be π σ d 2 x. 
Delta-function impurities
It is natural to consider what happens in the limit where σ approaches a delta-function. Unfortunately this introduces the square of a delta-function into the Lagrangian (2.9), which is not defined. However, it does make sense to replace σ with a delta-function in (2.11), and we can consider this to be a limit of impurities for which there is a Lagrangian description. Suppose we replace σ by a delta-function of the form −4παδ(z) where α ∈ N, and we look for solutions with winding number N . In this case (2.12) becomes the impurity-free Taubes equation for N + α vortices with α vortices constrained to lie at z = 0. This corresponds to applying the singular gauge transformation φ → e −iαθ φ to this (N + α)-vortex solution, so the winding number of φ at infinity is still N . In a formal sense, we could solve (2.10) and (2.11) by taking any (N + α)-vortex solution with a single vortex at the origin and applying this singular gauge transformation, but this would not correspond to a limit of solutions to Bogomolny equations with finite impurities. Numerical investigations suggest that the correct moduli space of solutions with winding number N is the submanifold of the impurity-free (N + α)-vortex moduli space with α vortices fixed at the origin. Fig. 5 a) shows vacua with winding number zero converging to the 1-vortex solution in the delta-function limit.
The global gauge transformation relating an N -vortex (φ, A i ) in the presence of an α-impurity to an impurity-free (N + α)-vortex (φ ′ , A ′ i ) is the same for any vortex configuration, which means that the corresponding map between the moduli space of N -vortices in the presence of an α-impurity and the moduli space of (N +α)-vortices with α vortices constrained to lie at the origin is a diffeomorphism. Gauss's law is unchanged by the impurity, so the infinitesimal variations of the fields orthogonal to gauge orbits are unchanged by this diffeomorphism, implying that it is an isometry. This gives the important result that the metric on the moduli space of N vortices in the presence of delta-function impurities with α ∈ N is just the restriction of the usual impurity-free (N + α)-vortex metric to the submanifold of solutions where α vortices are fixed at the origin. As one would expect, the numerics suggest that the moduli space metric for finite impurities converges to the metric on this submanifold in the delta-function limit. In particular, the metric for a 1-vortex moving in the presence of an impurity σ = −4πδ(z) should be related to the impurity-free 2-vortex metric by a simple shift of coordinates. The impurity-free metric for two vortices at positions z 1 = Z + W and z 2 = Z − W has the form
where F 2 is the centred 2-vortex metric first calculated numerically by Samols. The submanifold defined by the constraint z 2 = 0 therefore has metric
where z 1 = ρe iθ as before. Fig. 5 b) shows moduli space metrics for 1-vortices in the presence of impurities converging to (2.21), as expected. We can also find numerical solutions in the case where α is any positive real number by solving
with the same boundary conditions as before. Near the origin the Higgs field of the solution will vanish to order α, and the interpretation is that α vortices are pinned at the origin. The next section shows that we can find explicit static solutions and metrics for all α > 0 if we move to a hyperbolic space background.
Hyperbolic vortices with delta-function impurities
It is straightforward to generalise (2.9) to a spacetime of the form X × R, where X is an arbitrary Riemann surface. Locally we choose isothermal coordinates so that the metric on X is of the form ds 2 = Ω(x 1 , x 2 )(dx 2 1 + dx 2 2 ). We can still apply a Bogomolny argument to obtain first-order vortex equations, and in this coordinate patch they are:
and (2.12) generalises to
We will work on the disc model of hyperbolic space with curvature −1/2, which means choosing a single global chart for which
where |z| < 1. Witten showed some time ago [5] that the impurity-free vortex equations on this background are integrable. If we make the substitution f = 2g + 2 log 1 2 (1 − |z| 2 ), then (3.3) becomes
When σ = 0, this is Liouville's equation with sources, whose solution is
where h(z) is an analytic function of the form
The β i are complex numbers in the unit disc chosen so that dh dz vanishes at the vortex positions z r . The corresponding Higgs and gauge fields are
where Az = 1 2 (A 1 + iA 2 ). If we choose σ(z) = −4παΩ(0) −1 δ(z) for any positive α, then the equations (3.1) and (3.2) can still be solved by the same rational map ansatz which constrains α of the vortices to lie at the origin. We let
The corresponding Higgs field is
so the β i must be chosen so that the N zeroes of z dh dz + (α + 1)h lie at the vortex positions z r . This Higgs field does not quite correspond to N vortices in the presence of an impurity of strength α, because it has winding number N + α and is multi-valued for non-integer α. As discussed in section 2.4, one must apply a singular gauge transformation of the form φ → |z| α z α φ. The resulting (single-valued) fields are
We can make use of previous exact results discovered in [20] to calculate exact moduli space metrics for vortices in the presence of impurities. The focus of [20] is on submanifolds of the moduli space corresponding to cyclically symmetric configurations, for whichh takes the form
In this interpretation the vortex solution corresponding to (3.9) consists of N vortices arranged in a regular N -gon around α coincident vortices at the origin. If N > α then these configurations exhaust the space Σ N,α of C N -symmetric (N + α)-vortices, which is a totally geodesic submanifold of the full moduli space. The metric on Σ N,α was calculated to be [20] :
where z 1 is the position of one of the outer N vortices. If we interpret (3.9) as giving an Nvortex in the presence of a delta-function impurity of strength α, then α can be any real number and we no longer have the restriction that N > α, but the derivation is unchanged and moduli space metric is still given by (3.10). Fig. 7 gives a plot of scattering angle versus Euclidean impact parameter for N = 1, 2 and various values of α in the disc model. For N = 2 scattering angle and impact parameter in are defined as in [20] , while Fig. 6 shows how scattering angle and impact parameter are defined for N = 1: given a vortex trajectory, the impact parameter b is defined to be the distance between the impurity and the closest point to it on the geodesic of hyperbolic space which makes second order contact with the incoming end of the trajectory. If this geodesic starts at 1 and ends at e iψ , and the outgoing end of the vortex trajectory is at e iξ , then the scattering angle is defined to be Θ = ψ − ξ. Fig. 7 shows that, regardless of the strength of the impurity, the incoming vortex passes straight through the impurity if the impact parameter is zero. As one would expect, vortices are deflected more strongly for greater impurity strengths, with the deflection tending to zero as the Euclidean impact parameter tends to 1.
The limit α → ∞ corresponds to a fixed 'bag' of hyperbolic vortices at the origin of the type considered in [21] . The Higgs field is very close to zero inside the bag, whose radius grows with α, and very close to 1 outside the bag. The thickness of the bag's surface depends only on the Higgs mass. We can see this bag structure in the metric f α 1 (|z 1 |) dzdz for a 1-vortex in the presence of an impurity of strength α. The disc model coordinate z 1 is not convenient for analysing the large α limit, because it has finite range. If we change coordinates |z 1 | = tanh(r/2 3/2 ), then the hyperbolic plane metric with conformal factor (3.4) becomes
and r has infinite range. The radius of the bag is given approximately by R = √ 2 log(2α). If we scale coordinates r ′ = r/R to keep this radius at the same position as α changes, then it is easy to check that as α → ∞, f α 1 (tanh(Rr ′ /2 3/2 )) tends pointwise to the step function
This shows that a slow-moving vortex moves along the geodesics of hyperbolic space both inside and outside the bag, but with effective inertial masses π/2 inside the bag and 3π/2 outside.
Vortices on the 2-sphere with impurities near the Bradlow limit
In this subsection we adapt the results of Baptista and Manton on vortices on the 2-sphere near the Bradlow limit to the inclusion of delta-function magnetic impurities. Since the background is a closed manifold, we think of φ as a section of a complex line bundle E → S 2 ∼ = CP 1 equipped with a Hermitian metric h. The bundle E → S 2 can now have non-trivial topology and we identify its first Chern class with the topological charge N . The gauge potentials are local 1-form representatives of an h-compatible connection D on E, and the magnetic field is identified with the curvature F ∈ Ω 2 (X, R) of D. The Bogomolny equations can be written in covariant form as
where the impurity σ is some smooth real-valued function on S 2 . We will take the usual atlas on CP 1 consisting of the two open sets
2 (z) = 1/z. We will consider spheres of varying radius with metric defined by g R = R 2 × (standard round sphere metric). The line bundle π : E → S 2 is defined by the transition functions g ij :
It is straightforward to check that these transition functions satisfy the cocycle conditions and that the corresponding bundle has degree N . If ψ i : π −1 (U i ) → U i × C are the associated trivialisations, then one can define a metric h by setting |ψ
. This is the bundle and metric we shall take throughout this subsection.
Integrating (4.2) over the 2-sphere gives an obstruction to the existence of solutions to the Bogomolny equations (known as the Bradlow bound when σ = 0):
Suppose we have a delta-function impurity σ defined by σ(φ 1 (z)) = − πα R 2 δ 2 (z) on U 1 and σ(φ 2 (z)) = 0 on U 2 , so that σ vol R = −4πα. We can explicitly solve the Bogomolny equations at the Bradlow limit R 2 = N + α for this choice of impurity. The Higgs field must vanish everywhere if the bound is saturated, and one can check that the gauge potentials A i ∈ Ω 1 (U i , R) defined by
where
Now we move away from the Bradlow limit, taking R 2 to be slightly greater than N + α. We shall make similar assumptions to Baptista and Manton that D ≈ D N +α for these vortices, and that φ satisfies the conditions:
We shall work on the coordinate patch U 1 and take a representative φ 1 = φ • ϕ −1 1 of φ. In these coordinates condition 1 becomes
which has general solution
where f is holomorphic on C. This must be extensible to a solution φ 2 (z) = g 12 (z)φ 1 ( 1 z ) of condition 1 on U 2 , which forces f to be a polynomial in z of degree N . If we write
Just as for impurity-free vortices, there is a bijection between the space of solutions to conditions 1, 2 and S 2N +1 given by
The rest of the derivation of the moduli space metric in [7] goes through unchanged; the only difference is the sphere identification (4.7). The fact that we have fixed the gauge field means that the remaining gauge freedom is multiplication of φ by a constant phase, so identifying gauge-equivalent points in S 2N +1 corresponds to the usual U (1)-principal bundle S 2N +1 → CP N . The geodesic approximation can be implemented in just the same way as in the impurityfree case, and the metric on CP N is again the Fubini-Study metric. In particular, the 1-vortex metric is
It is easy to see from this that the vortex is pushed away from the impurity for α > 0, as one would expect from the results of the previous sections. The same effect is visible for higher charge vortices: Fig. 8 shows two vortices scattering off the impurity for different values of α. 
Conclusion
In this paper, we investigated the effect of magnetic impurities on vortex dynamics in various models, based on the Lagrangian suggested in [1] . In flat space, our numerical results indicated that a moduli space of multi-vortex solutions in the presence of magnetic impurities exists. For low charges we calculated the metrics on these spaces numerically. Our numerics also suggested that the static solutions have a well-defined limit as the impurity tends to a delta-function.
On the hyperbolic plane we found explicit solutions and moduli space metrics when the impurity is a delta function. This gives a new interpretation of the metrics on submanifolds of the moduli space discussed in [20] , which parametrizes n vortices at the vertices of a regular n-gon with m vortices at the origin. The m vortices are reinterpreted as the effect of a delta-function impurity of strength m. This new interpretation gives physical meaning to the submanifolds of the moduli space given in [20] which are not totally geodesic. We went on to numerically derive scattering angle/impact parameter plots for one and two vortices in the presence of an impurity at the origin.
We treated the moduli space of vortices on the 2-sphere near the Bradlow limit with a deltafunction impurity in much the same way as in [7] , showing that its moduli space metric can again be approximated by a multiple of the Fubini-Study metric. An interesting future direction would be to investigate the effect of magnetic impurities on compact hyperbolic surfaces, since [22] recently gave new analytic solutions for vortices on such surfaces, following earlier work in [23] .
While we only focussed on the slow-motion dynamics of vortices in relativistic theories, there does exist an interesting first-order system of vortex dynamics which was introduced by Manton in [24] . This Schrödinger-Chern-Simons dynamics allows for a moduli space description close to critical coupling λ = 1. The equations of motion are governed by the Kähler form on the moduli space. The moduli space approximation predicts that two vortices go around each other at constant speed with depends on |λ − 1|, and this has been studied for more than two vortices in [25] . The validity of this approximation has been verified numerically in [26] and discussed analytically in [27] . It would be interesting to derive the effects of impurities on this type of vortex dynamics.
